Coherence, squeezing and entanglement -- an example of peaceful
  coexistence by Górska, K. et al.
ar
X
iv
:1
80
1.
00
35
2v
2 
 [m
ath
-p
h]
  2
6 J
an
 20
18
Coherence, squeezing and entanglement
– an example of peaceful coexistence
Katarzyna Go´rska, Andrzej Horzela and Franciszek Hugon Szafraniec
Abstract After exhaustive inspection of bosonic coherent states appearing in phys-
ical literature two of us, Horzela and Szafraniec, came in 2012 to the reasonably
general definition which relies exclusively on reproducing kernels. The basic fea-
ture of coherent states, which is the resolution of the identity, is preserved though it
now achieves advantageous form of the Segal-Bargmann transform.
It turns out that the aforesaid definition is not only extremely economical but also
puts under a common umbrella typical coherent states as well as those which are
squeezed and entangled. We examine the case here on the groundwork of holomor-
phic Hermite polynomials in one and two variables. An interesting side of this story
is how some limit procedure allows disentangling.
1 Coherent states - a smooth introduction
Coherent states (CSs in short) constitute a vivid topic in Quantum Optics besides
being of interest from the mathematical point of view. This Section provides a short
though solid introduction culminating in the fairly recent extension of the notion
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which has a novel and pretty interesting application (cf. Section 4). As a kind of
shorthand to this Section the presentation [48] may serve.
1.1 Standard coherent states
What are coherent states? The standard harmonic oscillator coherent states1, origi-
nated in [38], are simply
cz
def
=exp(−|z|2/2)
∞∑
n=0
zn√
n!
hn, z ∈ C, (1)
with hn’s being the Hermite functions
hn(x) = 2
−n/2(n!)−1/2π−1/4e−x
2/2Hn(x), Hn(x) is the n-th Hermite polynomial.
As the Hermite functions hn are residing in L2(R) the safest way to consider con-
vergence in (1) is to require it in this space.
Immediately from the definition (1) one usually derives that such introduced cz
are:
(a) normalized;
(b) continuous functions in z;
(c) never orthogonal, even more 〈cz,cw〉 = e−|z−w|2 ;
(d) temporally stable [16, p.32]
eiHtcz = e
−iωt
2 ceiωtz, H is the harmonic oscillator Hamiltonian;
and, last but not least, satisfy the celebrated relation 2
(e) I =
∫
C
|z〉〈z| d2z
π
, here |z〉 states for cz.
Remark 1. (e) is customarily called the resolution of the identity, sometimes referred
to as (over)completeness.
In the literature 3 one finds three ways of constructing CSs:
(A) as the (normalized) eigenvectors of the annihilation operator 4;
1 They bear different names like canonical, classical, orthodox, Glauber-Klauder-Sudarshan (GKS
in short, [18, 26, 39]), etc. though the most explicative way would be to call them, as it becomes
clearer later, Gaussian coherent states upon the Gaussian kernel involved in (1).
2 In this section standard Hilbert space notation is employed; there are two exceptions when Dirac’s
notation is in use: here and on p. 8.
3 The basic monographs [1, 16, 28, 29, 36] of the subject can be completed with other articles like
[10], [40] and [51].
4 They are in fact in the domain of the closure of annihilation rather than in its domain as usually
seems to be thought of; see [47] for more on the operators.
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(B) as the orbit of the vacuum under a square integrable representation of a unitary
group;
(C) as states which minimize the Heisenberg uncertainty relation.
It turns out that for the GKS CSs these three lead to the same provided in (B) the
group is that of the displacement operator.
A closer look at the properties (a)-(e)
Property (a) is superfluous, the normalization it serves for can be achieved any time
it is needed because CSs are vectors in a Hilbert space and as such they have “finite”
norms. In general normalization may destroy holomorphicity of CSs in the case it
may be present (vide the Segal-Bargmann space).
Properties (b) and (d) depends on circumstances or in other words on structure of
the set which CSs are parametrised by; removing normalizability as suggested above
makes the GKS CSs even holomorphic.
The angle between CSs calculated in most of the cases supports property (c).
The resolution of the identity property (e) is our main concern in this Section and
different its aspects will be discussed.
1.2 After 1963
Since their rediscovery in 1963 CSs have begun spreading out and a plethora of their
different versions rooted in various branches of physics have appeared (for a fairly
account of most of those diversities see e.g. [10], [16] and [28]). In particular, MPs
(this an apparent abbreviation for either Mathematical Physics itself or its admirers),
still keeping in mind the postulates (a) – (e) and following any of the directives (A),
(B) and (C), have been trying to find either generalizations of CSs or to provide any
evidence of existence of CSs in various fields of physics.
Being joined to these efforts we adopt as our starting point to give a precise
meaning to what is in Remark 1 and by the way to respond to the call formulated by
J. R. Klauder as the Postulate 3 Completeness and resolution5 in his seminal paper
[26]. Klauder’s approach, later on pushed forward in [27]6, has found its further
development in [17] where J.-P. Gazeau and J. R. Klauder have proposed to make
the following replacements in (1) (we refer to those as to KG CSs though pretty
often they are referred to as nonlinear CSs [40]):
5 ”A resolution of unity in the Hilbert spaceH exists as an integral over projection operators onto
individual vectors in the (coherent states) set S.”
6 ”Traditionally, coherent states rely heavily for their construction and analysis on properties of
suitable Lie algebra generators appropriate to some specific group. Hence, most of the properties
of the coherent states are inherited from the group itself....We entirely set aside any group .... and
proceed more generally. We are led to an extremely wide class of coherent states that includes
group-defined coherent states as a small subset”(underlined by the authors of the present paper).
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· hn′s 7→ arbitrary orthonormal basic vectors in some Hilbert space (in which the
would-be CSs have to reside);
· n! 7→ ρn = ǫ1 . . . ǫn > 0 in the way which ensures convergence; the sequence (ǫn)n
is usually assumed to be related to the spectrum of the Hamiltonian (describing
the physical system under consideration) in a way which guarantees temporal
stability and so-called ”action identity”;
· exp(−|z|2/2) 7→ a suitable normalization factor if any;
· d2z in (e) on p. 2 7→ a rotationally invariant measure on C with a radial factor
coming from (and solving) the Stieltjes moment problem7; one checks that this
secures the property (e).
The final step in such realized generalization of the CSs concept is that proposed
by J.-P. Gazeau in the Ch.5 of [16]: CSs are introduced as continuous in x and
normalizable linear combinations
cx
def
=
∑
n∈N
φn(x)en, x ∈ X,
where (en)n are normalized eigenvectors of a self-adjoint operator A and (φn(x))n is
an orthonormal system of functions in L2(X, ν) being in one-to-one correspondence
with (en)n and satisfying
∑
n |φn(x)|2 < ∞ for all x ∈ X (normalization condition).
This allows to get the property (e)
I =
∫
X
|x〉〈x|ν(dx)
where, as previously, |x〉 states for cx.
Everything happens in the presence of a measure which makes the resolu-
tion of the identity possible; this is out of any discussion there. Even if a
measure exists it may not be unique and if the latter happens a plenty of non-
rotationally invariant measures always have to appear. More than, no measure
may exist though suitably understood resolution of identity can be done which
makes the new (generalized) CSs good sense. This may be painful and in this
Section we propose a cure for that.
1.3 Reproducing kernel Hilbert space - instructional material
The tool is the reproducing kernel Hilbert space (RKHS in short) approach a gentle
introduction to which follows.
A set X given, call it basic or supporting.
7 This takes place for a vast majority of examples present in the literature (see e.g. [30, 34, 35] ).
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Given a Hilbert spaceH of complex functions on X and a functionK : X×X 7→C;
(H ,K) is called a RKHS couple if
· Kxdef=K( · , x) ∈ H , x ∈ X;
· f (x) = 〈 f ,Kx〉, f ∈ H , x ∈ X.
The second fact is just referred to as the celebrated reproducing kernel property.
Therefore, we call K the reproducing kernel. There is a list of properties coming out
of this definition and each of them may work for construction the couple, cf. [45] 8.
Among them one finds positive definiteness of the kernel K and boundedness of the
evaluation functional onH .
Fundamental for us, however, is Zaremba’s formula ([50]) and its consequences.
Given a sequence (Φn)
∞
n=0
of complex functions on X such that
∞∑
n=0
|Φn(x)|2 < +∞, x ∈ X. (2)
Then
K(x,y)
def
=
∞∑
n=0
Φn(x)Φn(y), x,y ∈ X,
is a positive definite kernel and, consequently, due to Moore-Aronszajn’s construc-
tion, see [5] or [45] for instance, it uniquely determines its partner, denoted byHK
further on, so that they both together constitute a reproducing kernel couple. This
may serve as a very practical way of constructing RKHS.
What is the role played by the functions Φn
1o. It follows from the Schwarz inequality applied to (2) that for any ξ = (ξn)
∞
n=0
∈ ℓ2:
• the series ∞∑
n=0
ξnΦn(x)
is absolutely convergent for any x;
• the function
fξ : x→
∞∑
n=0
ξnΦn(x)
is inHK with ‖ fξ‖ ≤ ‖ξ‖ℓ2 ;
• moreover,∑n ξnΦn is convergent inHK to fξ.
8 This item as well as the other ([46]) contains excerpts from [43]; the proofs are contained in the
latter.
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In particular
∑
nΦn(x)Φn is convergent inHK to Kx, the functionsΦn are inHK and
‖Φn‖ ≤ 1.
2o. The sequence (Φn)
∞
n=0
is always complete 9 10 in HK . Moreover, the following
facts are equivalent
(i) ξ ∈ ℓ2 and ∑n ξnΦn(x) = 0 for every x yields ξ = 0;
(ii) the sequence (Φn)n is orthonormal inHK .
It is recommended to notify that Zaremba’s construction guarantees always
completeness of the sequence (Φn)
∞
n=0
in HK ; it is an intrinsic feature of the
approach.Orthonormality of (Φn)
∞
n=0
, on the other hand, requires additional
effort as 2o above shows. If the latter happens, (Φn)
∞
n=0
must necessarily be a
Hilbert space basis ofHK .
1.4 Horzela-Szafraniec’s CSs and the Segal-Bargmann transform
Horzela-Szafraniec’s CSs
The only data, which the Horzela-Szafraniec procedure [23, 24] requires besides the
supporting set X, are
• a sequenceΦdef=(Φn)∞n=0 of functions on X such that (2) holds;
• a separable Hilbert spaceH (it can be thought of as a surrogate of the state
space).
Now let K be the kernel on X got via Zaremba’s construction andHK its RKHS.
Fix an orthonormal basis e
def
=(en)
∞
n=0
inH . Introduce the family {cx}x∈X
cx
def
=
∞∑
n=0
Φn(x)en x ∈ X. (3)
We do not suppose for a while that Φ
def
=(Φn)
∞
n=0
are orthonormal.
9 Notice completeness of (Φn)n appears a posteriori.
10 Complete or totalmeans the closed linear span clolin{Φn : n = 0,1, . . .} isHK . This is equivalent
to saying that the only function inHK orthogonal to all the Φn’s is 0.
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Let us mention that positive definiteness of K, or rather some Schwarz type in-
equalities which follow, guarantees continuous or holomorphic dependence on x of
so introduced cx according to circumstances (cf. [45]); this refers to (b) on p. 2.
The Segal-Bargmann transform
The transform
Bh
def
=
∑∞
n=0
Φn〈h,en〉H , h ∈ H , (4)
is well defined and mapsH 7→HK (notice Ben = Φn); convergence in (4) is that of
HK . It is a contraction with a dense range.
Due to the reproducing property we have
(Bh)(x)= 〈Bh,Kx〉HK =
∑∞
n=0
Φn(x)〈h,en〉H = 〈cx,h〉H , h ∈ H , x ∈ X, (5)
with the convergence being uniform on those subsets of X on which K(x, x) is
bounded.
Moreover if (Φn)
∞
n=0
is an orthonormal basis then (4) and the Parseval formula
yields
〈Bh,Bg〉HK = 〈h,g〉H , g,h ∈ H ; (6)
hence B is unitary.
Theorem 1. The following three facts are equivalent
• the transform B is unitary;
• the family {cx}x∈X is complete;
• the sequence (Φn)∞n=0 is orthonormal inHK.
In the GKS prototype, that is when
Φn =
zn√
n!
or K(z,w) = ezw
and en = hn are Hermite functions, the transform B becomes that of Segal-Bargmann
[6, 21].
Now it is a right time to declare: call the vectors (states) cx, x ∈ X Horzela -
Szafraniec coherent states a if they are given by (3) and the family {cx}x∈X is com-
plete inH .
a Nicknamed HSz CSs
8 Katarzyna Go´rska, Andrzej Horzela and Franciszek Hugon Szafraniec
Horzela-Szafraniec coherent states back and forth
Universality of our definition of coherent states can be enhanced by the fact which
follows
Proposition 1. LetH be a Hilbert space and (en)∞n=0 be an orthonormal base
in it (one can think of it as the Fock basis). Any family of vectors (states)
{cx}x∈X in H becomes a family of coherent states in a sense of Horzela-
Szafraniec with respect of the uniquely determined reproducing kernel
K(x,y) =
∑
n
〈cx,en〉〈cy,en〉 x,y ∈ X.
This implies that all the coherent states already present in the literature (cases
like A, B, C on page 2) fit in with the Horzela-Szafraniec class; the states
mentioned at the end of Section 3 are within this class too.
In particular the Segal-Bargmann transform is valid and Theorem 1 holds.
Once more, notice that the resolution of the identity (e), p. 2, (which in our ap-
proach, as will be seen explicitly very soon, turns into the Segal-Bargmann trans-
form) is an a posteriori fact coming out of the construction, not an a priori postulate.
Resolution of the identity for malcontents
Definition 1. If X is a (subset of a) topological space and there is a positive measure
µ on the completion X of X such that H is embedded isometrically in “a natural
way” in L2(X,µ) we say that (H ,K) is integrable.
Let us emphasise that there are non-integrable RKHSs, look at p. 10.
If µ is any measure which makes integrability of RKHS possible then 11
〈h|
∫
X
|x〉〈x|µ(dx)|g〉 =
∫
X
〈h|x〉〈x|g〉µ(dx)
=
∫
X
〈h,cx〉H 〈g,cx〉H µ(dx)
(5)
=
∫
X
(Bh)(x)(Bg)(x)µ(dx)
= 〈Bh,Bg〉L2(X,µ)
Definition1
= 〈Bh,Bg〉HK
(6)
= 〈h,g〉H = 〈h|g〉 .
(7)
11 Notice Dirac’s notation is used for the second time in this section.
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Resolution of the identity, the key feature of CSs, has been rescued a in the full
glory! Now it bears the name Segal-Bargmann transform.
All this justifies once more the use of term coherent states for the family {cx}x∈X .
a The grayish boxes in (7) read together uncover the resolution of the identity as exposed in (e)
on p.2.
1.5 The measure – to be or not to be?
Three possibilities for the family {cx}x∈X of CSs may happen.
HK is integrable and the measure is unique.
Here is a list of assorted cases.
N Standard CSs
Φn =
zn√
n!
, z ∈ C, en = Hermite functions and K(z,w) = ezw.
N van Eijndhoven–Meyers’ orthogonality, cf. p. 12.
N CSs on the unit circle. They come from the Szego˝ kernel; here
Φn(z) =
√
1
2π
zn, with K(z,w) = 1
2π
(1− zw)−1, |z|, |w| < 1,
and HK is the space of holomorphic functions on the open unit disk D which is
customarily named after Hardy 12. The corresponding measure is supported on the
unit circle T ⊂ D, cf. the definition of integrability on p. 8.
N Bergman kernels. Here
Φn(z) =
√
n+1
2π
zn, with K(z,w) = 1
2π
(1− zw)−2, |z|, |w| < 1,
and the corresponding space HK again is composed of holomorphic functions on
the open unit disk D.
N q-Gaussian CSs for −1 < q < 1; the corresponding q moment problem is deter-
mined and the operators appearing in the q-oscillator are bounded, see [44] and the
references therein.
12 Notice there a bifurcation of names in this case.
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HK is integrable and the measure is not unique
Two cases for the time being.
N Typical providers are indeterminate moment problems or rather orthonormal
polynomials coming from them. If (Φn)n is such a sequence of polynomials then
the well known consequence is that it satisfies (2). As already shown any of the
orthogonality measures appearing in this problem works well for the resolution of
the identity to be satisfied. It may create problems for further use of this property.
Our construction of CSs and, in particular, of the Segal-Bargmann transform opens
a way of overcoming obstacles which may appear.
N The case q > 1 is also considered in [44]. In [41] two different kinds of or-
thonormal bases and their RKHS’s are given explicitly: one measure is absolutely
continuous with the Lebesque measure on C, and the other is supported on a count-
able family of circles tending both to zero and infinity. Needless to say, if q→ 1+
both RKHS converge do the GKS picture.
HK is not integrable
N The Sobolev space on [0,1], which is a RKHS, cf. [7, p. 321], is recognized as an
example of non-integrable RKHS; to see this perform an argument with logarithmic
convexity like on p. 11.
N Consider now
Φn(z)
def
=
n!
z(z+1) · · ·(z+n) .
Then
K(z,w) =
∑∞
n=0
n!
z(z+1) · · ·(z+n)
n!
w(w+1) · · ·(w+n)
=3F2 (1,1,1;z+1,w+1;1) , Rez,Rew > 1/2.
and the space HK is not integrable over X = {(z,w) : Rez,Rew > 1/2} though HSz
CSs make sense. This is a kind of surprising, thought-provoking example, see [31].
Notice that HK = {
∑
n ξnΦn : (ξn)n ∈ ℓ2} is the Segal-Bargmann type space of
holomorphic functions on {(z,w) : Re z,Re w > 1/2}.
N See the graybox on the p. 11.
Another look at KG CSs
Suppose a sequence (kn)
∞
n=0
of positive numbers (cf. the second item in the list of
the KG postulates) is given such that
X = {z ∈ C :
∑
n
k2n |z|2n < +∞} , ∅.
Coherence, squeezing and entanglement – an example of peaceful coexistence 11
This set is rotationally invariant and so is the kernel
K(z,w)
def
=
∑
n
knz
nwn, z,w ∈ X,
which is well defined due to the Schwarz inequality. Because K is positive definite,
we get RHKS HK. Furthermore, the monomials Φndef=k1/2n zn are orthonormal 13 in
HK . Consequently,
‖Φn‖HK = 1 = k1/2n ‖zn‖HK . (8)
Suppose for a whileHK is integrable and using (8) write
k−2m+n =
(∫
X
|zm+n|2µ(dz))2 = (
∫
X
|z2m||z2n|µ(dz))2
Schwarz
6 k−12mk
−1
2n
∫
X
|k
1
2
2m
z2m|2µ(dz)
∫
X
|k
1
2
2n
z2n|2µ(dz) = k−12mk−12n .
What we have got from the above heuristic reasoning is
k−2m+n 6 k
−1
2mk
−1
2n ,
which is just logarithmic convexity of (k−1n )n. Therefore logarithmic convexity is a
necessary condition for integrability; it is important to know that.
Manipulating (k−1n )n to break down logarithmic convexitymay provide at once
examples of non-integrableHK .
Start now from a measure ν representing a Stieltjes moment sequence
an =
∫ +∞
0
xnν(dx), n = 0,1, . . . ,
and define the rotationally invariant measure µ on C
µ(σ)
def
=(2π)−1
∫ 2π
0
∫ +∞
0
χσ(re
iϕ)ν(dr)dϕ, σ Borel subset of C,
where χσ is the characteristic (indicator function) of σ.
If k−1n
def
= 1
2π
a2n then because
∫
C
|z|2nµ(dz) =
∫ +∞
0
r2nν(dr),
(Φn)n, n = 0,1, . . . , are orthonormal in L2(C,µ) as well. Hence the inclusion is iso-
metric andHK is integrable.
13 This is due to the fact that the sum appearing in 2o, (ii), p. 6 is holomorphic.
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Warning: if the Stieltjes moment problem for (an)n is indeterminate, besides rota-
tionally invariant µ’s, non-rotationally invariant measures exist too - despite the fact
that the kernel itself is rotationally invariant, cf. [32] and [44]. This never happens
when ν is determinate, in particular if it has a compact support.
It is creditable to suggest here q-moments: determinate if 0 < q 6 1 and indetermi-
nate if q > 1 which covers both cases [41, 44].
Remark 2. Introduce the sequenceσ0
def
=k
−1/2
0
, σn
def
=
kn
kn+1
and define the weighted shift
operators, cf. [16, p.146]
a+Φn
def
=
√
σn+1Φn, a−
def
=
√
σnΦn−1, a−Φ0
def
=0.
They can viewed as generalized when compared with the standard definition of
the creation and annihilation operators, p. 2 is put in an application. This holds
independently of whetherHK is integrable or not.
2 Holomorphic Hermite polynomials
The holomorphic Hermite polynomials in one and two variables, as well as holo-
morphic Hermite functions determined by them, will be our main tool extensively
used in the next Sections to construct coherent states. This Section serves as a kind
of technical introduction and revokes the formulae derived and proved in [4] and
[20].
2.1 Holomorphic Hermite polynomials in a single variable
The Hermite polynomials
Hn(z) = n!
⌊n/2⌋∑
m=0
(−1)m(2z)n−2m
m! (n−2m)! , z = x+ iy, (9)
are treated here as functions of a single complex variable z and as such they become
holomorphic.
van Eijndhoven-Meyers orthogonality
As is shown in [11] Hn(z) satisfy the orthogonality relations
∫
R2
Hm(x+ iy)Hn(x+ iy) e
−(1−α)x2−( 1α−1)y2 dxdy =
π
√
α
1−α
(
2
1+α
1−α
)n
n!δmn, (10)
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where 0 < α < 1 is a parameter. The space Xα
hol,1
of entire functions f such that
∫
R2
| f (z)|2eαx2− 1α y2dxdy <∞, z = x+ iy,
is a Hilbert space with the inner product
〈 f ,h〉def=
∫
R2
f (z)h(z)eαx
2− 1α y2dxdy,
in which h
(α)
n (z) defined by
h
(α)
n (z)
def
=e−
z2
2
[
π
√
α
1−α
(
2
1+α
1−α
)n
n!
]− 1
2
Hn(z), z ∈ C,
constitute, due to (10), an orthonormal basis. Moreover, because
∞∑
n=0
∣∣∣h(α)n (z)∣∣∣2 < +∞,
the formula (2) allows us to initiate Zaremba’s procedure ensuring that the space
Xα
hol,1
is RKHS with the kernel
K(α)(z,w)
def
=
∞∑
n=0
h
(α)
n (z)h
(α)
n (w)
= e−
z2+w2
2
1−α2
2πα
exp
[
− (1−α)
2
4α
(z2+ w¯2)+
1−α2
2α
zw¯
]
, z,w ∈ C.
The Segal-Bargmann transform
By the classical Bargmann spaceHhol,1 [6] we mean the space of those functions in
L2(C,π−1e−|z|2dxdy) which are entire, or equivalently, those which are the closure
of all polynomials C[Z] in L2(C,π−1e−|z|2dxdy). Recall that the monomials
Φn(z)
def
=
zn√
n!
, z ∈ C, n = 0,1,2, . . . ,
are an orthonormal basis in Hhol,1. The unitary transform (namely the Segal-
Bargmann one) betweenHhol,1 and the physical spaceL2(R), in which the functions
ψn(q) =
√
a√
2nn!
√
π
e−a
2q2/2Hn(aq)
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are the orthonormal basis 14, is given as an integral transform with the kernel
A1(q,z) =
√
a
π1/4
e
√
2aqz− 1
2
(z2+a2q2). (11)
The similar Segal-Bargmann-like transform betweenHhol,1 and Xαhol,1 was found in
[4]. It is shown there that the mapping h
(α)
n 7→ Φn
Φn(z) = (B1h
(α)
n )(z) =
∫
R2
B1(z, w¯)h
α
n (w)e
αu2− 1α v2dudv, w = u+ iv,
with
B1(z, w¯) =
∞∑
n=0
Φn(z)h
(α)
n (w) =
(
1−α
π
√
α
) 1
2
e
√
2ǫzw¯− 1
2
(ǫz2+w¯2), z,w ∈ C, (12)
is unitary; the notation ǫ = (1−α)/(1+α) is adopted here and in what follows.
Remark 3. In constructing the transformation between the physical spaceL2(R) and
Xα
hol,1
we compose the above mappings and end up with the kernel C1(q,w)
C1(q,w) =
∫
C
A1(q,z)B1(z,w)e
−|z|2 dz
π
=
√
a
π1/4
(
1−α2
2πα
√
α
) 1
2
exp
− 12α (a2q2+w2)+
√
1−α2
α
aqw
 ,
which defines the unitary mapping via the integral transformation.
Limits
The van Eijndhoven-Meiers picture enjoys interesting limit properties: α →
0+ and α→ 1−. These two passages produce very different effects and must
be treated separately. Having in mind our main purpose here we shall restrict
ourselves to the case α→ 1− only. This limit preserves the crucial property
needed for our construction of CSs: the existence of a suitable RKHS.
On the other hand the limit α→ 0+ leads to results which forbide to con-
struct any kind of CSs being well-defined within our scheme. This is because
performing this limit breaks down the fundamental condition (2) and, conse-
quently, the normalizability of CSs [20, 49]. Nevertheless, the polynomials
14 The mass of one-dimenional harmonic oscillator is denoted by M, its frequency by ω, ~ = 1,
and a =
√
Mω.
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Hm,n(z, z¯), which arise in the limit α→ 0+ of the two variable generalization
of the van Eijndhoven-Meiers picture (see the Section 2.2), have found plenty
of interesting applications: to mention investigation of their relation with the
entangled (in particular EPR) states begun more than 20 years ago [12], con-
tinued in [13], and still being the subject of extensive research (cf. references
in footnote 15).
Limit α→ 1−
In order to make the limit procedure more efficient we redefine the holomorphic
Hermite functions h
(α)
n (z) as
k
(α)
n (z)
def
=
(
2
√
α
1+α
)1
2
[
1−α
2(1+α)
] n
2 1√
n!
e
1−α
1+α
z2
2 Hn
(√
2α
1−α2 z
)
=
√
2πα
1−α2 e
1+α2
1−α2
z2
2 h
(α)
n
(√
2α
1−α2 z
)
.
(13)
Their orthogonality relation
∫
C
k
(α)
n (z)k
(α)
m (z)e
−|z|2 dz
π
= δnm
can be immediately derived from (10). The reproducing kernel coincides with
Bargmann’s
K
(α)
1
(z,w)
def
=
∞∑
n=0
k
(α)
n (z)k
(α)
n (w) = e
zw.
The Segal-Bargmann transform ψn(q) 7→ k(α)n (z) now is based on the kernel
Cˆ1(q,z) =
√
2πα
1−α2 e
1+α2
1−α2
z2
2 C1
(
q,
√
2α
1−α2 z
)
=
√
a
(πα)1/4
exp
− 12α (a2q2+αz2)+
√
2
α
aqz,

which tends to the kernel (11) when α→ 1−.
The last unnumbered formula on p. 97 of [11] with t =
√
(1−α2)/2α yields
lim
α→1−
k
(α)
n (z) =Φn(z), (14)
i.e. recovers the Bargmann basis. Details can be found in [42].
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2.2 Holomorphic Hermite polynomials in two variables
Hermite polynomials in two complex variables are defined as
Hm,n(z1,z2)
def
=
min{m,n}∑
k=0
(
m
k
)(
n
k
)
(−1)kk!zm−k1 zn−k2 , (15)
wherem,n= 0,1,2, . . .. The essence now is to think of them as holomorphic Hermite
polynomials in z1,z2 ∈ C 15.
The polynomials Hm,n(z1,z2) come from the generating function
exp(z1s+ z2t− st) =
∞∑
m,n
smtn
m!n!
Hm,n(z1,z2). (16)
It does not factorize as a product of two functions which may be generating func-
tions of two other systems of orthogonal polynomials; the lack of factorization can
be seen from the operational (raising and lowering) relations
Hm+1,n(z1,z2) = (z1−∂z2)Hm,n(z1,z2), Hm,n+1(z1,z2) = (z2−∂z1)Hm,n(z1,z2),
∂z2Hm,n(z1,z2) = nHm,n−1(z1,z2), ∂z1Hm,n(z1,z2) = mHm−1,n(z1,z2).
Using (16) the Hermite polynomials in two variables can be expressed, like it is
shown in [20, Eq.(13)], in terms of the Hermite polynomials in a single variable (9)
Hm,n(z1,z2) = 2
−(m+n)
m∑
k=0
n∑
l=0
im−k(−i)n−lHk+l( z1+z22 )Hm+n−k−l( z1−z22i ), (17)
which does not undermine the just mentioned lack of factorizability.
Using (17) and formula (0.5) in [11] provides us with the orthogonality relations
∫
C2
Hm,n(z1,z2)Hp,q(z1,z2)exp
(
−1−α
4
|z2 + z1|2− 1−α
4α
|z2− z1|2
)
dz1dz2
=
π2α
(1−α)2
(
1+α
1−α
)m+n
m!n!δm,pδn,q (18)
15 Polynomials Hm,n(z, z) (mentioned previously as a special case of polynomials Hm,n(z1, z2) for
z1 = z and z2 = z), have been present in mathematical and physical literature for around 65 years
and bear the names: Ito’s polynomials, incomplete or 2D Hermite polynomials, complex Hermite
polynomials, Laguerre polynomials in two variables and possibly the other - for recent literature
on the subject see [2, 3, 8, 9, 14, 19, 25, 33]). Here we want to emphasize that (15) defines poly-
nomials in two complex variables with real coefficients while Hm,n(z, z) are polynomials in two
real variables x = Re z and y = Imz with complex coefficients. This may be somehow confusing
when the term ”complex Hermite polynomials” appears for the latter, for more discussion see the
introductory section in [20].
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valid for 0 < α < 1, [20, Eq. (19)]. Though algebraic properties of Hm,n(z1,z2) have
been widely considered in many papers (cf. references in 15), investigation of their
analytic properties done in [20] is, according to our best knowledge, a novelty.
The orthogonality relations (18) allow to introduce normalized holomorphicHer-
mite functions
h
(α)
m,n(z1,z2) =
1−α
π
√
α
(
1−α
1+α
)m+n
2 exp(− z1z2
2
)
√
m!n!
Hm,n(z1,z2),
where z1,z2 ∈ C and 0 < α < 1. These functions satisfy the relation
∞∑
m,n=0
∣∣∣h(α)m,n(z1,z2)∣∣∣2 = (1−α
2)
4π2α2
e−
1+α2
4α
(z1z2+z1z2)+
1−α2
4α
(z1z1+z2z2) < +∞,
which according to Zaremba’s procedure makes it possible to introduceH (α), being
a RKHS with the kernel
K(α)(z1,z2,w1,w2) =
∞∑
m,n=0
h
(α)
m,n(z1,z2)h
(α)
m,n(w1,w2)
=
(1−α2)2
4π2α2
exp
[
1−α2
4α
(z1w1+ z2w2)− 1+α
2
4α
(z1z2 +w1w2)
]
,
calculated using either the formula (26) and Lemma 8 in [20] or [49, formula (5.2)].
The Segal-Bargmann transform
The monomials
Φm,n(z1,z2)
def
=
zm
1√
m!
zn
2√
n!
, z1,z2 ∈ C, m,n = 0,1,2, . . . ,
form an orthonormal basis in the two variable Bargmann space Hhol,2def=Hol(C2)∩
L2(C2,π−2 exp(−|z1|2− |z2|2)dz1dz2) and may be transformed into the square inte-
grable functions describing the system of two independent harmonic oscillators
ψm,n(q1,q2) = ψm(q1)ψn(q2)
=
√
ab√
2m+nm!n!π
e−(a
2q2
1
+b2q2
2
)/2Hm(aq1)Hn(bq2),
which are the basis in the physical Hilbert spaceL2(R2) 16. The mappingHhol,2 into
L2(R2) is unitary and has the kernel
16 We take that ~ = 1, a =
√
Mωx and b =
√
Mωy, M denotes the total mass of the system and
frequencies of oscillations in x and y direction are ωx and ωy, respectively.
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A2(q1,q2,z1,z2) = A1(q1,z1)A1(q2,z2)
=
√
ab
π
e−
1
2
(z21+z
2
2)− 12 (a2q21+b2q22)e
√
2(aq1z1+bq2z2)).
(19)
Thus, we have
Φm,n(z1,z2) =
∫
R2
ψm,n(q1,q2)A2(q1,q2,z1, z2)dq1dq2.
Another Bargman-like transform acts between the spaces H (α) and Hhol,2. It has
been shown in [20, Section “RelatingH (α) to the Bargmann space”] that this trans-
form is also unitary and possesses the kernel
B2(z1,z2,w1,w2) =
∞∑
m,n=0
Φm,n(z1,z2)h
(α)
m,n(w1,w2)
=
1−α
π
√
α
e−
1
2w1w2+
√
ǫ(z1w1+z2w2)−ǫz1z2 ,
where ǫ was defined just after (12) and 0 < α < 1. That leads to
h
(α)
m,n(w1,w2) =
∫
C2
Φm,n(z1,z2)B2(z1,z2,w1,w2)e
−|z1 |2−|z2 |2 dz1dz2
π2
.
Extending Remark 3 to the 2D case we compose the transformations A2 and B2
and obtain the unitary mappingL2 7→ H (α) with the kernel
C2(q1,q2,w1,w2) =
∫
C2
A2(q1,q2,z1,z2)B2(z1,z2,w1,w2)e
−|z1|2−|z2 |2 dz1dz2
π2
=
√
ab
π
1−α2
2πα
e−
1+α2
4α
(a2q2
1
+b2q2
2
)− (1−α)2
2α
abq1q2e−
1−α2
8α
(w21+w
2
2)
× e− 1+α
2
4α
w1w2e
√
2(1−α2)
4α
[(1+α)(aq1w1+bq2w2)+(1−α)(aq1w2+bq2w1)].
Limit α→ 1−
The limit case α→ 1−will be considered analogously to what was done for the Her-
mite polynomials in a single variable. We begin with redefining Hermite functions
in two variables h
(α)
m,n(z1,z2) as follows
k
(α)
m,n(z1,z2)
def
=
2
√
α
1+α
(
1−α
1+α
)m+n
2 exp
( 1−α
1+α
z1z2
)
√
m!n!
Hm,n
(
2
√
αz1√
1−α2 ,
2
√
αz2√
1−α2
)
=
2πα
1−α2 exp(
1+α2
1−α2 z1z2)h
(α)
m,n
(
2
√
αz1√
1−α2 ,
2
√
αz2√
1−α2
)
.
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They satisfy the orthogonality relation
∫
C2
k
(α)
m,n(z1,z2)k
(α)
m,n(z1,z2)exp(−|z1|2− |z2|2)
dz1dz2
π2
= δm,pδn,q
and form RKHS K (α) with the kernel
K(α)(z1,z2,w1,w2) = exp(z1w1+ z2w2),
which again coincideswith the two dimensional Bargmann one. The Segal-Bargmann
transform connecting the spaces L2(R2) andK (α) reads
Cˆ2(x,y,w1,w2) =
2πα
1−α2 e
1+α2
1−α2 w1w2C2
(
q1,q2,
2
√
α√
1−α2w1,
2
√
α√
1−α2w2
)
=
√
ab
π
e
− 1+α
2
4α
(a2q2
1
+b2q2
2
)
e
− 1
2
(w21+w
2
2)e
− 1−α
2
2α
abq1q2
× e
1+α√
2α
(aq1w1+bq2w2)
e
1−α√
2α
(aq1w2+bq2w1)
,
and in the limit α→ 1− tends to (19). Analogously to (14) one gets
lim
α→1−
k
(α)
m,n(z1,z2) = Φm,n(z1,z2),
i.e. performing the limit procedure we end up on the 2D Bargmann basis.
3 HSz CSs - holomorphic Hermite polynomials perspective
Let us recall that, according to our definition of coherent states evolved in Section
1.4 and starting from the formula (3), the basic requirement for some states to be
called coherent is to be provided with (Φn)n satisfying (2). Now the Zaremba con-
struction guarantees existence of the Segal-Bargmann transform, the property which
is historically and not too rigorously identified with the overcompleteness and/or the
resolution of the identity.
Our definition of coherent states allows to put traditional (like those in A,B
and C on page 2) coherent and squeezed states on the same footing.
Considerations in the previous section show that introduced there complex Hermite
functions fulfill the conditions imposed on RKHS. This opens a green light to en-
gage it in construction of the coherent states. We shall do it in the next Section and
show that so obtained states not only satisfy the resolution of the identity (which by
the way is resulting from their construction) but they turn out to be also entangled.
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To make the above statement more precise let us formulate the definition of what
has to be understand under the notion of entanglement.
Suppose two separable Hilbert spaces H and K are given. Let H⊗K be
the state space. Call a state c in H⊗K decomposable (or factorizable) if
c = cH ⊗ cK with cH ∈ H and cK ∈ K . A state which is not decomposable
will be called entangled. Referring to CSs we can say that the family {cx}x∈X
is decomposable if
cx =
∞∑
m,n=0
Φm(x)em⊗Ψn(x) fn, x ∈ X,
(Φm)
∞
m=0 and (Ψn)
∞
n=0 are orthonormal bases in suitable RKHSs.
If there are no such (Φm)
∞
m=0
and (Ψn)
∞
n=0
making the above decomposition
possible the family becomes entangled by definitiona. However, {cx}x∈X as
members of the state spaceH⊗K are HSz CSs anyway.
a In the literature there is no undoubtedly defined notion of the entanglement (cf. footnote
17).
In what follows we will provide the reader with a keystone example of new
bosonic states, based on the holomorphic Hermite polynomials, which are coherent
and entangled simultaneously 17. Evenmore, these new states appear to be squeezed.
Surprisingly, the limit procedures which the Hermite polynomials enjoy allow to
link entangled and decomposable states within the HSz coherent states frame-
work. All this happens, due to the Proposition 1, under the guidance of HSz coherent
states merging mathematical and physical aspects of the novel CSs.
4 CSs for holomorphic Hermite polynomials.
4.1 Single particle Hermite CSs - coherence and squeezing
Single particle CSs corresponding to the sequence (k
(α)
n )n are defined as
c
(α)
z =
∞∑
n=0
k
(α)
n (z)en, z ∈ C.
Using the recurrence relation Hn+1 = 2zHn(z)−2nHn−1(z) one gets
17 States which are frequently appearing in the literature under the name coherent entangled states
are bipartite Bell-like states constructed using tensor products of standard coherent states, usually
|z〉 and |−z〉 [37]; they are obviously entangled but not coherent in any commonly acceptable sense.
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k
(α)
n+1
(z) = z
2
√
α
1+α
1√
n+1
k
(α)
n (z)−
1−α
1+α
√
n
n+1
k
(α)
n−1(z)
and shows that c
(α)
z appear to be eigenfunctions
B−c
(α)
z = zc
(α)
z
of the operator
B−
def
=
1+α
2
√
α
b+
1−α
2
√
α
b†, (20)
where b and b† denote the canonical annihilation and creation operators. B− together
with B+ given by
B+
def
=
1+α
2
√
α
b†+
1−α
2
√
α
b (21)
satisfy the commutation relations [B−,B+] = 1 and [B−,B−] = [B+,B+] = 0 which
mean that (20) and (21) belong to the class of the Bogolubov transformations [15],
the relation of which to the squeezed (coherent) states is well established [22]. So the
states c
(α)
z , primarily required only to satisfy the resolution of the identity, are also
squeezed states in the sense of (A), p. 2, and in the limit α→ 1− become exclusively
coherent in the traditional meaning.
Hermite CSs and single mode squeezing operation
The squeezed states η
ξ
z may also be introduced through squeezing operation acting
on the standard coherent states
η
ξ
z
def
=S (ξ)ηz, S (ξ) = e
ξK+−ξK− , ξ ∈ C,
where K± are the generators of su(1,1) algebra which, together with the third one
K0, satisfy the commutation relations
[K−,K+] = 2K0, [K0,K±] = ±K±.
Setting ζ = ξ tanh(|ξ|)/|ξ|, |ζ | < 1, the squeeze operator S (ξ) can be disentangled
employing the well-known Zassenhaus formula
S (ξ) = eξK+−ξK− = eζK+eln(1+|ζ |
2)K0e−ζK− . (22)
This may be used to obtain so-called squeezed basis e
ξ
n
def
=S (ξ)en, n = 0,1,2, . . . with
which the squeezed states η
ξ
z are written as
η
ξ
z =
∞∑
n=0
zn√
n!
e
ξ
n.
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Since the squeeze operator is unitary the squeezed basis is also orthonormal in the
Bargmann space Hhol,1 and squeezed states satisfy the same resolution of identity
as ηz.
In the Bargmann representation the operators K± and K0 have the form
K+ =
1
2
z2, K− = 12∂
2
z , K0 =
1
2
( 1
2
+ z∂z
)
. (23)
The squeezed RKHS basis Φ
ξ
n is determined by the action of S (ξ) (given by (22)
with (23) put in) on Φn(z). The calculation presented in [4] leads to
Φ
ξ
n(z) = (1− |ζ |2)
1
4 e
ζ
2 z
2 ζ
n
2
√
2nn!
Hn

√
1−|ζ |2
2ζ
z
 . (24)
From the algebraic relation Hn+1 = 2zHn−H′n we get
√
n+1Φ
ξ
n+1
(z) = A+Φ
ξ
n(z) with A+ = (1− |ζ |2)−
1
2 (z− ζ∂z),
while the twin relation 2nHn−1 = H′n implies
√
nΦ
ξ
n−1(z) = A−Φ
ξ
n(z) where A− = (1− |ζ |2)−
1
2 (∂z− ζz).
Assuming that ζ = ǫ (defined below (12)) we obtain, because of (24), thatΦ
arctan(ǫ)
n (z)=
k
(α)
n (z) given by (13). That provides us the physical interpretation of the up-to-now
mathematically contemplated parameter α [11, 42] - from now it is to be identified
with the physical squeezing parameter which measures the ratio between coordinate
and momentum uncertainties.
Comparing operators B− and B+ with A− and A+ for ζ = ǫ we get the Segal-
Bargmann representation of operators b and b† [42]
b =
1+α2
2α
∂z− 1−α
2
2α
z and b† =
1+α2
2α
z− 1−α
2
2α
∂z.
As it should be it goes to the standard Bargmann representation for α→ 1−.
4.2 Bipartite CSs - coherence, squeezing and entanglement
Coherent states c
(α)
z1,z2
Our approach to CSs, based on the definition given in Section 1.4, is by no means
restricted to the single particle case. It may be automatically extended to multipartite
systems. Here we shall present an application to bipartite systems taking as a starting
point holomorphic Hermite functions in two variables k
(α)
m,n enabling to construct
CSs. Taking as a state space H⊗K , where each of H and K is a state space for
itself, according to our scheme we can introduce the family of CSs
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c
(α)
z1,z2
=
∑
m,n
k
(α)
m,n(z1,z2)(em⊗ fn), z1,z2 ∈ C2, (25)
which reside in the Hilbert spaceH⊗K .
The recurrence relations [20, (12)]
Hm+1,n(z1,z2) = z1Hm,n(z1,z2)−nHm,n−1(z1,z2),
Hm,n+1(z1,z2) = z2Hm,n(z1,z2)−mHm−1,n(z1,z2)
lead to
k
(α)
m+1,n
(z1,z2) = z1
2
√
α√
1−α2
1√
m+1
k
(α)
m,n(z1,z2)−
1−α
1+α
√
n
m+1
k
(α)
m,n−1(z1,z2),
k
(α)
m,n+1
(z1,z2) = z2
2
√
α√
1−α2
1√
n+1
k
(α)
m,n(z1,z2)−
1−α
1+α
√
m
n+1
k
(α)
m−1,n(z1,z2),
(26)
which enable one to show that the states c
(α)
z1,z2
are common eigenvectors
B1,−c
(α)
z1,z2
= z1c
(α)
z1,z2
B2,−c
(α)
z1,z2
= z2cz1,z2 ,
(α) , z1,z2 ∈ C2, (27)
of the operators B1,− and B2,−
B1,−
def
=
1+α
2
√
α
b1+
1−α
2
√
α
b
†
2
, B2,−
def
=
1−α
2
√
α
b
†
1
+
1+α
2
√
α
b2 (28)
where b
†
i
and bi (i = 1,2) denote the canonical creation and anihillation operators
for the modes i = 1,2. Operators Bi,− together with their adjoints Bi,+, i = 1,2 sat-
isfy the standard canonical commutation relations [Bi,−,B j,+] = δi j, [Bi,−,B j,−] =
[Bi,+,B j,+] = 0 for i, j = 1,2. Proceeding further and using (27) one shows that
B1,−⊗B2,−c(α)z1,z2 = z1z2c(α)z1,z2 z1,z2 ∈ C2. (29)
Taken together (27) and (29) mean that c
(α)
z1,z2
fulfill the postulate (A) listed on the p.
2, generalized here to the multimode case, i.e. to the set of mutually commuting op-
erators playing the role of annihilators. Simultaneously, because of (28), we see that
this time we deal with the Bogolubov transformation which (unlike for the single
particle case) mixes the modes. But, like previously, appearance of the Bogolubov
transformation suggests that c
(α)
z1,z2
may have something in common with squeezed
states - this will be clarified in the next Section.
Hermite CSs and two mode squeezing operation
Consider the two mode representation of the generators of su(1,1) algebra given by
K+ = z1z2, K− = ∂z1∂z2 , K0 =
1
2
(1+ z1∂z1 + z2∂z2), (30)
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and extend the definition of the RKHS squeezed basis to the bipartite system
Φ
ξ
m,n(z1,z2) = S (ξ)Φm,n(z1,z2), where S (ξ) = e
ξK+−ξK− . (31)
Then, using (31), (22), (30) and [9, (I.5.2d) on p. 24] we get
Φ
ξ
m,n(z1,z2) =
√
1− |ζ |2 ζ
m+n
2
√
m!n!
eζz1z2Hm,n

√
1−|ζ |2
ζ
z1,
√
1−|ζ |2
ζ
z2
 ,
which span the appropriate RKHS being a subspace ofL2(C2,π−2e−|z1 |2−|z2 |2dz1dz2).
In the Bargmann representation creation and anihillation operators acting on the
functions f ∈ lin{Φξm,n : m,n = 0,1, . . .} behave as
(A
ζ
1,+
f )(z1,z2) =
z1 − ζ∂z2√
1− |ζ |2
f (z1,z2), (A
ζ
1,− f )(z1,z2) =
∂z1 − ζz2√
1− |ζ |2
f (z1,z2),
(A
ζ
2,+
f )(z1,z2) =
z2 − ζ∂z1√
1− |ζ |2
f (z1,z2), (A
ζ
2,− f )(z1,z2) =
∂z2 − ζz1√
1− |ζ |2
f (z1,z2)
for z1,z2 ∈ C.
Remark 4. The justification of name annihilation and creation operators comes from
the fact that operators A1,+/− act on the first mode m as
A
ζ
1,+
Φ
ξ
m,n =
√
m+1Φ
ξ
m+1,n
, A
ζ
1,−Φ
ξ
m,n =
√
mΦ
ξ
m−1,n,
while A2,+/− act on the second mode n as
A
ζ
2,+
Φ
ξ
m,n =
√
n+1Φ
ξ
m,n+1
, A
ζ
2,−Φ
ξ
m,n =
√
nΦ
ξ
m,n−1.
For ζ = ǫ we have Φ
arctan(ǫ)
m,n (z1,z2) = k
(α)
m,n(z1,z2). Comparing A
ǫ
i,+/− with Bi,+/− we
find the Bargmann representation of operators b
†
i
and bi, i = 1,2
b
†
1
=
1+α2
2α
z1− 1−α
2
2α
∂z2 , b1 =
1+α2
2α
∂z1 −
1−α2
2α
z2,
b
†
2
=
1+α2
2α
z2− 1−α
2
2α
∂z1 , b2 =
1+α2
2α
∂z2 −
1−α2
2α
z1.
We see that the parameter α is responsible not only for squeezing but also for
mixing the modes, one should also notice that both these effects disappear in
the limit α→ 1−.
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Entangled squeezed coherent states
As said in the Section 3 the proper definition of the entanglement qualifies a state to
be entangled if it is not factorizable. Because of (17) and operational rules satisfied
by polynomials Hm,n(z1,z2) this is the case for the states c
(α)
z1,z2
which can not be
represented as a product of factors depending separately on z1 and z2. But, as it has
been demonstrated, c
(α)
z1,z2
are simultaneously coherent/squeezedwhich phenomenon
at first glance may seem to be a little unexpected, nevertheless is shown to be a fact
possible due to the generalization of coherence presented in our study.
Search for quantum states which are simultaneously coherent and entangled, or,
more precisely, which satisfy some criteria allowing to call them coherent and entan-
gled, is not new. Example of such states, called coherent-entangled, was provided in
[13] where the authors found explicit form of bipartite states being common eigen-
vectors of the center of mass coordinate operator and the difference of canonical
annihilators a1−a2 and next linked superposition of these states to the standard ex-
ample illustrating entanglement, namely to the EPR states, i.e. common eigenstates
of the center of mass coordinate and relative momentum operators. Fan-Lu states,
as may be seen from Eq.8 in [13], are nonfactorizable and satisfy the formal reso-
lution of unity (e) but are not of a finite norm which means that they break one of
requirements on which our construction is based. The problem becomes analogous
to that which we have roughly mentioned in the Section 2.1 when have remarked on
the limit case α→ 0+. The latter problem needs a very special and careful analysis
which goes beyond the current research and this is why we have decided to exclude
it from our considerations and restrict ourselves to the statement as follows:
As long as 0 < α < 1 the states cαz1,z2 given by (25) exhibit the coher-
ence/squeezing and entanglement peacefully coexisting and, moreover, some-
what interrelated. This is possible due to the HSz approach which proposes to
look at the properties of coherent states through the reproducing kernel prop-
erty and which enables us to see the resolution of the identity in much wider
context, especially avoiding the restrictive assumption of rotational invariance
of the measure in question. Linearity which is sitting in the heart of quantum
physics and which enforces us to treat all linear combinations of elementary
solutions on the same footing supports this kind of approach. A significant
feature is that the limit α→ 1− switches off both entanglement and squeezing
but does not loose anything of coherence.
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